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We prove thermodynamic and ultraviolet stable stability bounds for the pure Yang-Mills relativis-
tic quantum theory in an imaginary-time, functional integral formulation. We consider the gauge
groups G = U(N), SU(N) and let d(N) denote their Lie algebra dimensions. We start with a finite
hypercubic lattice Λ ⊂ aZd, d = 2, 3, 4, a ∈ (0, 1], L ∈ N sites on a side, and with free boundary
conditions. The Wilson partition function ZΛ,a ≡ ZΛ,a,g2,d is used, where the action is a sum over
gauge-invariant plaquette actions with a pre-factor (ad−4/g2), where g2 ∈ (0, g20 ], 0 < g0 < ∞,
defines the gauge coupling. Each plaquette action is pointwise positive. Formally, in the continuum
limit a ց 0, this action gives the well-known Yang-Mills action. Either by using the positivity
property and neglecting some of the plaquette actions or by fixing an enhanced temporal gauge,
which involves gauging away the bond variables belonging to a maximal tree in Λ, and which does
not alter the value of ZΛ,a, we retain only Λr bond variables. Λr is of order [(d − 1)L
d], for large
L. We prove that the normalized partition function ZnΛ,a = (a
(d−4)/g2)d(N)Λr/2ZΛ,a satisfies the
stability bounds ecℓd(N)Λr ≤ ZnΛ,a ≤ e
cud(N)Λr , with finite cℓ, cu ∈ R independent of L, the lattice
spacing a and g2. In other words, we have extracted the exact singular behavior of the finite lattice
free-energy. For the normalized free energy fnΛ,a = [d(N) Λr]
−1 lnZnΛ,a, our stability bounds imply,
at least in the sense of subsequences, that a finite thermodynamic limit fna ≡ limΛրaZd f
n
Λ,a exists.
Subsequently, a subsequential finite continuum limit fn ≡ limaց0 f
n
a also exists.
PACS numbers: 11.15.Ha, 02.30.Tb, 11.10.St, 24.85.+p
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I. INTRODUCTION AND RESULTS
To show the existence, the particle spectrum, the particle interaction and scattering in a quantum field theory
(QFT) are among the most fundamental problems in physics [1, 2]. Unfortunately, in spite of much work and progress
(see e.g. [3–5]), we lack a physically relevant, mathematically well-defined QFT in spacetime dimension d = 4. For
many reasons, Quantum Chromodynamics (QCD) seems to be the best candidate for such a model.
In this context, neglecting the Fermi matter fields, the existence of nonabelian pure-gauge, Yang-Mills models was
considered in a series of papers [6, 7] (and Refs. therein) using a lattice regularization for the continuum spacetime
[8, 9] and employing intricate analytical tools as e.g. multiscale methods based on the renormalization group, and
small/large field decompositions. Within this framework, thermodynamic and ultraviolet stability bounds [10] were
proven for d = 3, 4. In [11], abelian gauge Bose matter models were considered in d = 2. More recently, in Ref. [12],
abelian gauge models with fermions were considered in d = 3. But, up to now, stability bounds have not been proved
for gauge-matter models like QCD. Together with confinement, this is a very challenging problem.
Here, we provide a very simple proof of thermodynamic and ultraviolet stability of Yang-Mills in Euclidean di-
mension d = 2, 3, 4 and for abelian/nonabelian connected and compact gauge Lie groups G. We work in the lattice
configuration space and our method is direct and does not employ sophisticated analysis. Instead, it exploits the
pointwise positivity of the gauge-invariant Wilson lattice plaquette action [9, 13], gauge invariance, properties of the
Haar measure on G [14], a relation with random matrices and, finally, the Weyl formula [15, 16] for the integration over
the gauge group G of class functions (functions with constant values in the conjugacy classes of G). Our treatment is
rigorous, uses the gluon fields and differs from the character representation approach of [17], for d = 2.
Our analysis applies to other connected compact Lie groups, but we focus on G = U(N), SU(N), and denote by
d(N) the dimension of their Lie algebras [N2 and (N2 − 1), respectively]. For simplicity, we will treat explicitly the
case G = U(N). In the end of the paper, we show how the proofs are modified for G = SU(N). Our starting point
is the finite-lattice partition function. We let Λ ⊂ aZd, a ∈ (0, 1], be a finite hypercubic lattice with L ∈ N sites on
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2each side. A lattice site is denoted by x = (x0, x1, . . . , xd−1); x0 is the time coordinate. If ν = 0, 1, . . . , (d − 1) is a
coordinate direction and eν its unit vector, bν(x) denotes a lattice nearest-neighbor bond starting at x and ending at
x+ aeν ≡ xν+, with x, xν+ ∈ Λ. To each lattice bond bν(x), we assign a gauge bond variable which is a unitary matrix
gbν(x) ∈ G. The partition function for our model is given by (see Refs. [8, 9])
ZΛ,a ≡ ZΛ,a,g,d =
∫
exp
[
−a
d−4
g2
∑
p
Ap
]
dg˜ . (1)
Here, g2 > 0 defines the pure-gauge coupling, the measure dg˜ is a product of normalized Haar measures dσ(gb) on G,
one for each lattice bond b, with no distinction of orientation. If p ∈ Λ is a plaquette in the µ− ν plane (a minimal
square), µ < ν, with vertices at the sites x, xµ+, x
µ
+ + ae
ν and xν+, then the single plaquette p action is given by
Ap = ‖1− Up‖2H−S = 2Re Tr(1 − Up) , (2)
where Up = U1U2U3U4, with U1 = gx,xµ+ , U2 = gx
µ
+,x
µ
++ae
ν , U3 = g
−1
xν+,x
ν
++ae
µ and U4 = g
−1
x,xν+
. Here, g−1 is the
inverse element of g and, for a square matrix M with trace TrM and adjoint M †, ‖M‖H−S = [Tr(M †M)]1/2 is the
Hilbert-Schmidt norm. We adopt free boundary conditions, which means that we include all the bonds connecting
nearest neighbor sites of Λ. Note that each plaquette action Ap is pointwise positive. Also, we remark that our model
verifies Osterwalder-Schrader positivity, for L even [8].
Formally, using the well-known Baker-Campbell-Haussdorff formula and the parametrization gb = e
iagAbθ, where
Ab is the physical gluon field or gauge potential, in Ref. [9] it is shown that the Wilson action (a
d−4/g2)
∑
pAp is,
for small a, the Riemann sum approximation to the usual smooth field classical continuum Yang-Mills action TrF 2,
where Fµν is field strength antisymmetric tensor.
We now discuss the parametrization of the bond variables for the gauge group G = U(N). (Much of our discussion
also applies to SU(N).) Fixing a lattice bond b and, for the associated gauge variable Ub, we write Ub = e
iXb , where
Xb = x
b
αθα, with a sum over α = 1, 2, . . . , d(N) = N
2. The self-adjoint N ×N matrices θα form a Lie algebra basis
and are taken to obey the normalization Tr (θαθα) = δαβ , with a Kronecker delta. We call the real parameters x
b
α
the gluon fields. In terms of this parametrization, the Haar measure for each bond b gauge variable is a product of a
density and a d(N)-dimensional Lebesgue measure. Whenever N > 2, we know some global gluon parametrization,
as e.g. the parametrizations for SU(N) in terms of Euler angles (see e.g Ref. [18]). However, in general, it is not
clear that we can characterize their domains such that the global parametrization is also an injection between a group
element and a parameter value, leading to a good characterization of the Haar measure on the gauge group G. With
these limitations, it is difficult to bound integrals of functions on G. More precisely, in our case e.g. the Euler angle
parametrizations do not lend to use good quadratic approximations. (See the end of this section where this point is
made more clear.) In the special case of SU(2), a global gluon parametrization, its domain and an explicit formula
for the density of the measure is available (see Ref. [14]).
In ZY,Λ,a, instead of using the physical gluon potential, if we parametrize the bond variable gb ∈ G by the fields
Xb, so that gb = e
iXb , Xb =
∑
α=1,...,d(N) x
b
αθα, then the corresponding Haar measure is approximately a constant c
times the Lebesgue measure dd(N)xb and
ZY,Λ,a ≃
∫
exp
{
−a
d−4
g2
∑
p
Ap(gb = eiXb ; b ∈ p)
} ∏
b
c dd(N)xb .
Now, the Xb fields are related to the physical gluon fields Ab by the local scaling relation agAb = Xb. We denote
by yb the scaled fields which are related to Ab by the local scaling relation
yb = a
(d−2)/2Ab .
By the above, the scaled gauge field yb is related to the Xb field by
yb = a
(d−2)/2Ab = a(d−2)/2
1
ag
Xb =
a(d−4)/2
g
Xb .
Finally, in terms of the yb fields, the partition function ZY,Λ,a becomes
ZY,Λ,a ≃
[
ga(4−d)/2
]d(N)Λr ∫
exp
{
−a
d−4
g2
∑
p
Ap(gb = ei
g
a(d−4)/2
ybθ)
} ∏
b
c dd(N)yb .
3The exponent of the exponential in the integrand is nonsingular for small a and, for g2 ≤ g20, 0 < g0 <∞.
Based on this approximate small field relation, we define a scaled, normalized partition function ZnY,Λ,a by
ZnY,Λ,a =
[
ad−4
g2
]d(N)Λr/2
ZY,Λ,a . (3)
It is precisely this normalized partition function that obeys thermodynamic and ultraviolet stable stability bounds.
We now consider another parametrization which is global for class functions on G. An arbitrary element U ∈ U(N)
(not necessarily near the identity) is unitarily equivalent to a diagonal matrix D = diag(eiλ1 , . . . , eiλN ), λj ∈ (−π, π].
We refer to the λj as the angular eigenvalues. If we are integrating a class function f(U) = f(V UV
−1) (for any U and
all V ∈ G = U(N)), then f(U) is a function of the angular eigenvalues only. By the Weyl integration formula [14–16],
the gauge group integral of f(U) is equal to an integral over the N angular eigenvalues with a measure which is the
product of a N -dimensional Lebesgue measure and an explicit density function; the integration domain is (−π, π]N .
The functions we encounter in Z of Eq. (1) are not class functions of each bond variable. However, the bounds we
obtain are class functions so that the Weyl integration formula and the angular eigenvalue parametrization can and
is used. This property and the fact the bounds on Z factorize into products of single plaquette partition functions of
a single bond variable play an important role in our method.
Let us now discuss local gauge invariance, gauge fixing and the model degrees of freedom. Recall the property
of local gauge invariance of ZΛ,a. The group ⊗xG, with element
∏
x rx, acts on bond variables mapping gbµ(x) to
(rxgbµ(x)r
−1
x+aeµ); each plaquette action Ap and the total action A are invariant under this mapping. Due to local
gauge invariance, there is an excess of bond variables in Eq. (1). By a gauge fixing procedure (see Chap. 22 of Ref.
[3]), some bond variables can be eliminated or gauged away by setting them to the identity in the action, i.e. gb = 1,
for a bond b, and omit the bond integration variable (its integral gives 1!). The value of the partition function ZΛ,a is
unchanged in this process, provided the associated bonds do not form closed loops. As each bond variable has d(N)
gluon fields, we reduce the number of degrees of freedom by d(N)Λg, where Λg is the number of gauged away bonds.
We denote by Λr the number of retained bond variables and, after the gauge fixing process, we are left with d(N)Λr
gauge field degrees of freedom.
Here, sometimes it is convenient to choose the enhanced temporal (axial) gauge which we now define. If we identify
the sites of the µ-th coordinate with 1, 2, . . . , L, this gauge is defined by setting the following bond variables to 1.
First, for any d = 2, 3, 4, we take gb0(x) = 1. For d = 2, take also gb1(x0=1,x1) = 1. For d = 2, the gauged away bonds
form a comb with the teeth along the x0-direction. The roots of the teeth lie on x0 = 1; the open end is x0 = L.
For d = 3, set also gb1(x0=1,x1,x2) = 1 and gb2(x0=1,x1=1,x2) = 1. Similarly, for d = 4, take also gb1(x0=1,x1,x2,x3) = 1,
gb2(x0=1,x1=1,x2,x3) = 1 and gb3(x0=1,x1=1,x2=1,x3) = 1. For d = 3, the gauged away bonds can be visualized as forming
a scrub brush with bristles along the x0 direction and the grip forming a comb. In d = 2, 3, 4, the gauged away bonds
do not form loops, and there are Λr ≡ Λr(d) remaining variables. Λr has the values (L − 1)2, [(2L + 1)(L − 1)2],
[(3L3 − L2 − L − 1)(L − 1)], for d = 2, 3, 4, respectively. Clearly, Λr ≃ (d − 1)L ր ∞, as Λ ր aZd. Note that,
fixing the enhanced temporal gauge, the unretained or gauged away gauge variables are associated with bonds in the
hypercubic lattice Λ which form a maximal tree, so that, by adding any other bond to it, we form a closed loop. Thus,
the partition function is not changed by the process of gauge fixing (see [3]).
The main result of this paper is the following thermodynamic and ultraviolet stable, stability bounds.
Theorem 1 Let d = 2, 3, 4, a ∈ (0, 1] and g2 ∈ (0, g20 ], with 0 < g0 <∞. Then, the normalized partition function for
our model, with free boundary conditions,
ZnΛ,a = (a
d−4/g2)d(N)Λr/2 ZΛ,a , (4)
satisfies the stability bounds
exp[cℓd(N)Λr] ≤ ZnΛ,a ≤ exp[cud(N)Λr] ,
with finite constants cℓ, cu ∈ R independent of Λr (and, hence, of Λ), a and g2. In these stability bounds, the exact
singular behavior of the finite lattice free energy has been extracted and isolated. At least in the sense of subsequences,
a thermodynamic limit Λր aZd of the normalized free energy
fnΛ,a = [d(N) Λr]
−1 lnZnΛ,a
exists and is finite. Subsequently, a finite continuum limit aց 0 also exists.
Remark 1 The existence of the above finite subsequential limits for the free energy follow, first, by considering
a sequence of hypercubic lattices, with a fixed lattice spacing a and a fixed lattice Λ. Taking the sequence of the
4corresponding normalized free-energies, by the Bolzano-Weierstrass theorem, there is a convergent subsequence in the
thermodynamic limit Λ ր aZd. Subsequently, we take a sequence of lattices in aZd and look at their normalized
free-energies. Applying the Bolzano-Weierstrass theorem to this sequence shows there is a convergent subsequence in
the continuum limit aց 0. Here, we do not consider the unicity of the limits, but only their existence and finiteness.
Model correlations and physically relevant properties like the correlation decay rates and the model energy-momentum
spectrum must be considered separately and will be the subject of a future analysis. Besides the result of Theorem 1,
the importance of our method is that it also allows to extend the analysis and obtain stability bounds for gauge models
with matter fields [19].
The rest of the paper is devoted to the proof of the stability bounds of Theorem 1. With this and using Remark 1,
Theorem 1 is proved.
For the upper stability bound on ZnΛ,a, we do not fix a gauge. A special role is played by a single-plaquette partition
function with a single bond variable. For G = U(N) and with N (N) ≡ 1/[(2π)NN !], it is given by (the integral is 1 if
all λk ≡ 0)
z(c) =
∫
e−c‖1−g‖
2
H−S dσ(g) = N (N)
∫
[−π,π]N
e−c
∑N
k=1 2(1−cosλk) ρ(λ)dNλ . (5)
Here, λ = (λ1, . . . , λN ), the integration Haar measure was defined according to Eq. (1), d
Nλ = dλ1 . . . dλN and the
density ρ(λ) is, for 1 ≤ j < k ≤ N , the square of a Vandermonde determinant
ρ(λ) =
∏
j<k
∣∣eiλj − eiλk ∣∣2 = ∏
j<k
2[1− cos(λj − λk)] .
The second equality in Eq. (5) comes from the application of the Weyl integration formula for a class function [14–16].
As defined above, for a N × N unitary matrix with eigenvalues eiλ1 , eiλ2 , ..., eiλN , λk ∈ (−π, π], λ1, ...,λN are the
angular eigenvalues. Finally, in Eq. (5), c ≡ c(a, g2, d) ∈ R is a constant depending on [ad−4/g2] and will be specified
later. An important observation is that the plaquette action Ap = ‖1− Up‖2H−S is not a class function of each bond
variable. Also, for d = 2, it is known (see [17]) that the exact result is ZΛ,a = z
Λr , and c = (ga)−2 and Λr is equal to
the total number of plaquettes in Λ.
For the lower bound on ZnΛ,a, the enhanced temporal gauge is fixed. There is also a characteristic function in the
integrand of z(c) of Eq. (5). This function restricts each bond variable g to be close to the identity. Note that the
integrand in ZnΛ,a (as in ZΛ,a) is positive so that restricting the integration domain of the gauge variables gives a lower
bound on the integral.
The importance of Eq. (5) is that, by discarding some horizontal plaquettes, ZΛ,a is bounded by a product of z(c)
(modified with a characteristic function, for the lower bound), and we can bound ZΛ,a by bounding z(c). In this
process, we remark that although the four-bond plaquette action Ap is not a class function of each bond variable
on G, the integrand of the single bond partition z(c) is, and the Weyl integration formula applies. In turn, z(c) is
bounded by bounding the angular eigenvalue distribution. In the bounds, a smaller number of fields appear; namely
N angular eigenvalue fields rather than N2 gluon fields.
Before proving the stability bounds, we give some intuition about how our methods work and also the relation
between our gluon fields and the usual gauge potentials Aµ(x), where a gauge group element gbµ(x), associated with a
lattice bond bµ(x), is parametrized as exp[igaAµ(x)]. We refer to the gauge potential Aµ as the physical gluon field.
If the factor (ga) is not present, which refer to the field as the gluon potential or field.
In the enhanced temporal gauge, we only have Λr gauge bond variables left. The group bond variable, in terms of
gluon fields, is eixαθα . Formally, in the quadratic approximation for the action the partition function is given by
ZΛ,a ≃
∫
e
−ad−4
g2
∑
p x
2
p dx˜ ,
where, for x1, . . . , x4 denoting the gluon fields or the gauge group parameters associated with the four consecutive
sides of a plaquette p, we have set xp = x1 + x2 − x3 − x4.
In terms of the scaled fields y defined by yℓ =
a(d−4)/2
g
xℓ, we have
ZΛ,a ≃
(
ad−4
g2
)−d(N)Λr/2 ∫
e−
∑
p y
2
p dy˜ .
5Here, note the presence of the aց 0 singular scaling factor of lnZΛ,a appearing in the free energy, which is eliminated
in the definition of the normalized partition function on Eq. (4). Now, in terms of the gauge potentials Aµ(x) =
Aµ,α(x)θα, we write the bond variables as gbµ(x) = exp(igaAµ(x)) and
ZΛ,a ≃ (ag)d(N)Λr
∫
e−a
d−2 ∑
p A
2
p dA˜ .
For a plaquette in the µ−ν plane, µ < ν, with a corner at site x, A2p = (A1+A2−A3−A4)2 = a2(∂µAν(x)−∂νAµ(x))2,
where ∂µAν(x) is the finite difference derivative ∂βf(x) = [f(x+ ae
β)− f(x)]/a. Hence, we obtain
ZΛ,a ≃ (ag)d(N)Λr
∫
e−a
d ∑
µ,ν;µ<ν [∂µAν(x)−∂νAµ(x)]2 dA˜ ,
so that the exponent is the Riemann sum approximation to the quadratic part of the classical (nonabelian) Yang-
Mills action. The relation between the components of y fields and the A fields is y = a(d−2)/2A. Based on these
arguments, for ZΛ,a written in terms of the physical gluon fields Aµ, we define the normalized partition function
ZnΛ,a = (a
(d−4)/2/g)d(N)Λr ZΛ,a as in Eq. (4). ZΛ,a is proved to satisfy thermodynamic and ultraviolet stable stability
bounds given in Theorem 1.
II. UPPER STABILITY BOUND
Here, we do not use the enhanced temporal gauge or any other gauge fixing. To prove the upper bound on ZnΛ,a of Eq.
(4), in A =∑p Ap appearing in ZΛ,a (see Eq. (1)), we use the pointwise positivity of Ap to discard some horizontal
(non-vertical), spatial plaquette actions, corresponding to plaquettes which are orthogonal to the x0-direction. We
have e−A ≤ e−Ah −Av , where Av is the sum of all vertical plaquette actions (plaquettes with one side parallel to the
time direction) and Ah is the sum over the actions of horizontal plaquettes in the plane x0 = 1, only. Hence, as given
above, recalling that c ≡ c(a, g2, d), we have
ZΛ,a ≤
∫
exp[−c(Ah + Av)] dg˜ = zΛr . (6)
Even though we have not fixed the gauge, or discarded any gauge bond variables, it is remarkable and surprising that
the number of factors of z in Eq. (6) , namely Λr is the same as the number of retained bonds when the enhanced
temporal gauge is fixed (see the discussion above Theorem 1).
The bound of Eq. (6) gives the exact result for d = 2. For d = 3, the right-hand side is [z(c(a, g, d = 3))](2L+1)(L−1)
2
.
To understand the contents of Eq. (6) in d = 3 (it is similar for d = 2, 4), we remark that although some plaquette
actions have been erased in the exponent of the integrand, we still need to perform the gauge integrals over all the
lattice bond variables and that one bond variable may be present in more than one original plaquette. For this, we
observe that the integral in Eq. (6) is performed applying the following procedure. First, we treat the integration
over the 2L(L − 1) horizontal bond variables in the hyperplane with x0 taking its maximum value x0 = L. Each of
these bond variables appears in only one vertical plaquette. Performing the gauge integrations, the integral of each
bond variable, in principle, depends on the other variables in the plaquette. But, using the right/left invariance of
the Haar measure [14, 15], it is independent of the other bond variables, and we extract a factor z. Altogether, we
extract a factor z2L(L−1). We are left with the gauge integrals over the vertical bond variables between x0 = L and
x0 = L−1. But the integrand is independent of these variables and the integral gives 1. Similarly, we treat successive
x0 hyperplanes, integrating over their horizontal bond variables. We get a factor of z2L(L−1)
2
. With this, we are left
with the integral over the horizontal bonds of the x0 hyperplane with the smallest x0 value. These integrals can be
carried out in various ways. For instance, by integrating over the (L− 1) variables in the column between the planes
x1 = 1 and x1 = 2, starting at x1 = 1, we extract a factor of zL−1. Repeating this procedure over the remaining
(L − 2) columns we get z(L−1)2. Altogether, we get the factor z2L(L−1)2+(L−1)2 = zΛr . Following the integration
procedure above, it is seen that the horizontal variable integration is exactly over the Λr retained variables when we
fix the enhanced temporal gauge.
With Eq. (6) in mind, the upper bound on ZΛ,a is proved by giving an upper bound on z(c) of Eq. (5). For the
upper bound of z(c), since the integrand is positive, we cannot restrict the integration domain, as we do below to
obtain a lower bound. Instead, we obtain a global quadratic lower bound on the retained actions and a global upper
bound on the densities ρ(λ) of the Haar measures. The bounds we obtain are global, i.e. they hold for the whole
gauge group G. For this, we use the lower bound [20], 2(1− cos θ) ≥ 4θ2/π2, |θ| < π, in the exponent of Eq. (5) and
6the upper bound 2(1− cos θ) ≤ θ2, θ ∈ R, on the density ρ(λ), to get |eiλj − eiλk |2 = 2[1− cos(λj −λk)] ≤ (λj − λk)2.
Doing this, for d = 3, with c(a, g2, d = 3) = (ag)−2 and setting yj = 2
√
2
π
√
ag
λj , we obtain
z(c(a, g2, 3)) ≤ N (N)
∫
[−π,π]N
exp

− 4
π2ag2
N∑
j=1
λ2j

 ∏
1≤j<k≤N
(λj − λk)2 dNλ
≤ (√ag)N2 [π/(2√2)]N2 I(2√2/√ag) ,
(7)
where we defined
I(u) ≡ N (N)
∫
[−u,u]N
e−y
2/2
∏
1≤j<k≤N
(yj − yk)2 dNy . (8)
Note that we have extracted, in the above bound on z(c(a, g2, 3)), the factor (
√
ag)N
2
, which gives a singularity in
the free energy in the continuum limit a ց 0. Note also that the function I(u) is continuous, monotone increasing,
verifies I(0) = 0 and is bounded from above by I(∞) = N (N)(2π)N/2∏j=1,...,N j! = (2π)−N/2∏j=1,...,(N−1) j!.
Using I(u) ≤ I(∞), Eq. (7) and Eq. (6), the final upper bound we obtain for the partition function ZΛ,a is
ZΛ,a ≤ (
√
ag)N
2Λr
[
[π/(2
√
2)]N
2
I(∞)
]Λr
.
With this, by passing to the normalized partition function ZnΛ,a of Eq. (4) the upper stability bound Z
n
Λ,a ≤ ecuΛr
of Theorem 1 is proved with cu ≥ ln{[π/(2
√
2)]N
2
I(∞)} and gives an upper bound on the normalized free energy
fnΛ,a.
We finish this section by observing that, up to a constant factor, the integrand of I(u) is the probability distribution
for the eigenvalues of a self-adjoint matrix in the Gaussian Unitary Ensemble (GUE) (see [21, 22]), and arises naturally
in the context of our problem. For d = 2, the thermodynamic limit of fna,Λ exists and, by dominated convergence, the
continuum limit also exists and is
fn = − ln
√
2− 1
2N
ln(2π) +
1
N2
∑
1≤j≤(N−1)
ln(j!) .
III. LOWER STABILITY BOUND
For the lower bound on ZΛ,a, we fix the enhanced temporal gauge so that we have Λr retained bond variables. As
the integrand of ZΛ,a is positive, we have the luxury to reduce the integration domain to obtain a lower bound. Next,
we reduce the integration domain in ZΛ,a so that each retained variable is close to the identity. With this reduction,
we obtain an upper bound on each plaquette action which is quadratic and local in the gluon fields of its plaquette.
The lower bound for ZΛ,a factorizes over the retained bond variables. Each factor is a single-bond partition function
zˇ, with a quadratic action and small field restrictions. The single-bond quadratic action is a class function on G and
the small field restriction is also. Hence, by the Weyl integration formula, the group integral reduces to an integration
over angular eigenvalues. A lower bound for the density ρ(λ) is used. Last, changing the variables in the retained
variables gives the lower stability bound of Theorem 1. With the enhanced temporal gauge, we remark we have the
same exponent Λr of z that occurs in Eq. (6).
To discuss the restriction on the domain, we write the N ×N matrix Ub, associated with the bond b, as Ub = eiXb .
Imposing the condition Ab ≡ ‖Ub − 1‖2H−S < 1, we have a well-defined self-adjoint Xb = −i ln[1 + (Ub − 1)] =
−i∑j≥1 (−1)j+1 (Ub − 1)j/j where, for G = U(N), Xb = ∑α=1,...,d(N)=N2 xbαθα, and θα are the corresponding
d(N) = N2 Lie algebra generators, verifying Tr(θαθβ) = δαβ , and the x
b
α are the gauge or gluon fields. Using the
eigenvalues λj of Xb, Ub is unitarily equivalent to diag(e
iλ1 , . . . , eiλN ), and Ab ≡ ‖1 − Ub‖2H−S = 2Tr(1 − cosXb).
Also,
‖Xb‖2H−S = Tr{ln[1 + (Ub − 1)]† ln[1 + (Ub − 1)]} . (9)
Note that both, Ab and ‖Xb‖2H−S , are class functions. From the spectral theorem for a unitary matrix Ub, there exists
a unitary matrix V such that V −1UbV = diag(eiλ1 , . . . , eiλN ). Thus, iXb = lnUb = iV [diag(λ1, . . . , λN )]V −1.
7To discuss the restriction on the domain, we write the N ×N matrix Ub, associated with the bond b, as Ub = eiXb .
Imposing the condition Ab ≡ ‖Ub − 1‖2H−S < 1, we have a well-defined self-adjoint Xb = −i ln[1 + (Ub − 1)] =
−i∑j≥1 (−1)j+1 (Ub−1)j/j where, for G = U(N), Xb =∑α=1,...,d(N)=N2 xbαθα, and θα are the corresponding d(N) =
N2 Lie algebra generators, verifying Tr(θαθβ) = δαβ , and the x
b
α are the gauge or gluon fields. Using the eigenvalues
λj ∈ (−π, π] of Xb, Ub is unitarily equivalent to diag(eiλ1 , . . . , eiλN ), and Ab ≡ ‖1−Ub‖2H−S = 2Tr (1− cosXb). Also,
‖Xb‖2H−S = Tr {ln[1 + (Ub − 1)]† ln[1 + (Ub − 1)]} . (10)
Note that both, Ab and ‖Xb‖2H−S , are class functions. We introduce the Euclidean norm |xb| in RN
2
and the norm
|λb| in RN . From the representation Xb =
∑
α x
b
αθα and, recalling the orthogonality condition Tr θαθβ = δαβ , we
have
‖Xb‖2H−S = Tr
(
(Xb)†Xb
)
=
N2∑
α=1
|xbα|2 = |xb|2 .
On the other hand, using the angular eigenvalues λb1, ..., λ
b
N of Xb, we have
‖Xb‖2H−S =
N∑
k=1
(λbk)
2 = |λb|2 ; |λbk| < π . (11)
Thus, we get the important identity |xb| = |λb|, |λbk| < π.
Continuing, for the abelian case G = U(1), we have
Ap = 2[1− cos(x1 + x2 − x3 − x4)] ≤ (x1 + x2 − x3 − x4)2 ≤ 4[(x1)2 + ...+ (x4)2] .
This global bound may be not true for a nonabelian G, without a restriction on the fields. To obtain a quadratic
upper bound in this case, we take the gluon fields to be small. In the following, we still take G = U(N). For
the single plaquette, with subsequent bonds b1, b2, b3 and b4, with action Ap = ‖U1U2U †3U †4 − 1‖2H−S , and Uj =
exp(i
∑d(N)
α=1 x
j
αθα), we prove:
Lemma 1 Let Up = U1U2U
†
3U
†
4 , Uj = e
Lj , 1 ≤ j ≤ 4 and Lj = i
∑
α=1,...,d(N) x
j
αθα. Then,
a) if ‖Lj‖H−S < N−1/2, we have
Ap ≤ 4
(
1 +N2
∑4
j=1 ‖Lj‖H−S +N4
∑4
j=1 ‖Lj‖2H−S
) ∑4
j=1 ‖Lj‖2H−S ≤ C2
∑4
k=1 |xk|2 ,
where C = 2(1 + 2N3/2) and |xj | = ‖Lj‖H−S.
b) The total action A = ∑p Ap obeys the quadratic upper bound
A ≤ 2(d− 1)C2
∑
b
|xb|2 , |xb| < N−1/2 ,
where the sum is over the Λr retained bonds only.
The proof of Lemma 1 is given in the end of the section. Now, we obtain a lower bound on ZΛ,a in terms
of the modified single-bond partition function zˇ. We first obtain a condition on ‖Xb‖H−S = |xb| so that with
Ub = e
iXb , we have ‖Ub − 1‖H−S < 1. This guarantees that there is a 1 − 1 correspondence between xb and its
range under the exponential map. By Taylor expanding Ub(α) ≡ eαLb , (Ub − 1) =
∫ 1
0
LbUb(α)dα and ‖Ub − 1‖H−S ≤
‖Lb‖H−S supα∈[0,1] ‖Ub(α)‖H−S ≤ N1/2‖Lb‖H−S . Here, for a unitary U , we have used ‖U‖H−S = N1/2.
The logarithms in Eq. (10) are defined if, for the Λr retained bonds, we impose |xb| < (1/
√
N), so that ‖Ub −
1‖H−S < 1. Lemma 1 applies and, in A=
∑
pAp, we replace Ap by the quadratic bound. Since the integrand is now
a class function of each retained bond variable, we replace the integration variables by the angular eigenvalues with
|λbk| < (1/N) ≡ γ. With this condition, |λb| = (
∑
k=1,...,N |λbk|2)1/2 < 1/
√
N and, by the identity |xb| = |λb|, we have
|xb| < 1/√N . Each bond b appears at most in [2(d − 1)] terms of A. Hence, paying with a factor [2(d − 1)], ∑p is
replaced by the sum over retained bonds. With this, the bound on ZΛ,a factorizes over the retained bonds to give
(compare with Eq. (5)),
ZΛ,a ≥ zˇΛr =
[
N (N)
∫
|λk|<γ
e−2c(d−1)C
2 ∑N
k=1 λ
2
kρ(λ)dNλ
]Λr
,
8Recall that, c ≡ c(a, g2, d). For the lower bound on ZΛ,a, we use a lower bound on the eigenvalue density ρ(λ).
Namely, we use |eiλj − eiλk |2 = 2[1 − cos(λj − λk)] ≥ 4 (λj − λk)2 /π2, |λℓ| ≤ π/2. After the change of variables
yk = [4c(d− 1)]1/2Cλk, we get
ZΛ,a ≥ (g2/ad−4)d(N)Λr/2
[
Θ I(2(d− 1)1/2Cγa(d−4)/2/g2)
]Λr
,
with Θ ≡ N (N)(4/π2)N(N−1)/2[(d− 1)1/22Cγ]−d(N)which displays the factor (g2/ad−4)d(N)/2. With the free energy
(∝ lnZΛ,a) in mind, we emphasize this is the same singular factor which occurs above Eq. (8) for the upper bound
of z and, by the monotonicity of I(u), the integral is bounded below for a = 1 and g2 = g20 < ∞. Letting Iℓ denote
the value of I(·) for a = 1 and g2 = g20 , we have the lower bound
ZΛ,a ≥
(
g2/ad−4
)d(N)Λr/2
(Θ Iℓ)
Λr ≥ (g2/ad−4)d(N)Λr/2 ecℓd(N)Λr ,
for any cℓ ≤ [d(N)]−1 ln(ΘIℓ), which gives the lower stability bound on the normalized partition function ZnΛ,a of
Theorem 1.
We now write | · | for ‖ · ‖H−S and prove Lemma 1.
Proof of Lemma 1: We first prove item a) of Lemma 1. For δ ∈ [0, 1], we let Up(δ) = U1(δ)U2(δ)U †3 (δ)U †4 (δ), where
Uj(δ) = e
δLj . Clearly, Uj = Uj(δ = 1). With L =
∑
j=1,...,4 Lj and applying a Taylor expansion, we have
Up=1+L+
∫ 1
0
∫ δ2
0
[d2Up(δ1)/dδ
2
1 ] dδ1dδ2 ≡ 1+L+R ,
Since (dUj/dδ) =UjLj =LjUj and suppressing the δ’s, we have [d2Up(δ)/dδ2] = L1L1Up + L1U1L2U2U †3U †4 + . . . +
UpL4L4. Thus, since |Uj| = N1/2 and 2ab ≤ a2+b2, a, b ∈ R, we obtain |R| ≤ (N2/2)
∑
j,k |Lj | |Lk| ≤ 2N2
∑
j |Lj |2 ≡
2N2Q. With the small field condition,
Ap = |Up − 1|2 = |L+R|2 ≤ (|L|+ |R|)2 = |L|2 + 2|L||R|+ |R|2 .
But |L|2 ≤ (∑j |Lj |)2 ≤ 4∑j |Lj |2, by the Cauchy-Schwarz inequality. So,
Ap ≤ 4
(
1 +N2
∑
j |Lj |+N4Q
)
Q ≤ C2 ∑4k=1 |xk|2 .
With this upper bound on Ap, the upper bound on the total action A arises from summing over the Λr retained
plaquettes, noting that a bond may be present in at most 2(d− 1) plaquettes.
The above discussion implies the lower stability bound of Theorem 1 for the case of the gauge group U(N), and
leads to a lower bound on the normalized free-energy fnΛ,a. The proof of Theorem 1 is finished in the next section
where we extend our results to G = SU(N).
IV. EXTENSION OF RESULTS TO SU(N)
Our analysis and results extend from the gauge group G = U(N) to G = SU(N). To do this, besides noticing there
are now d(N) = (N2 − 1) self-adjoint and traceless Lie algebra generators, we make the following changes:
a) Using a Dirac delta, in the Weyl integration formula, insert [2πδ(ξ)] in the integrand, with ξ ≡ λ1 + . . .+ λN ;
b) For the lower bound of
∑
k=1,...,N [2(1− cosλk)], ξ = 0, replace N by (N − 1) and use
∑
k=1,...,N−1[2(1− cosλk)] ≥∑
k=1,...,(N−1)[2λ
2
k/π
2]; |λk| < π. For the upper bound of
∑
k=1,...,N−1[2(1 − cosλk)] + 2[1 − cos(ξ − λN )], use
[N(λ21 + . . .+ λ
2
N−1)];
c) For the upper bound on the density, we have ρ(λ) ≤ ˇ̺(λ), where, for j, k = 1, . . . , (N − 1), ˇ̺(λ) ≡∏j<k(λj −
λk)
2
∏
j(λj + ξ − λN )2. For the lower bound, restrict the set {λk} so that we can use (1 − cosu) ≥ 2u2/π, |u| < π.
Taking |λk| ≤ π/N , we have ρ(λ) ≥ (2/π2)N(N−1)/2 ˇ̺(λ).
With another convenient cℓ for the SU(N) case, and taking the smallest between the two cℓ for G = U(N), SU (N),
we conclude the proof of Theorem 1.
9V. CONCLUDING REMARKS
We consider a pure Yang-Mills model in dimension d = 2, 3, 4, with partition function ZΛ,a defined, with the Wilson
plaquette action and with a compact and connected Lie group G, on a hypercubic finite lattice Λ ⊂ aZd, a ∈ (0, 1],
with L ∈ N sites on a side. We take G = U(N), SU(N) and d(N) is the dimension of the corresponding Lie algebras.
The lattice provides an ultraviolet, short-distance regularization.
In a series of papers (see [6, 7] and Refs. therein), ultraviolet stable stability bounds were proved for the d = 3, 4
pure-gauge cases, using intricate rigorous renormalization group methods and field decompositions.
In our treatment, the gauge group bond variables are parametrized using d(N) gluon fields. By local gauge
invariance, sometimes it is convenient to implement a gauge fixing procedure which allows us to gauge away some
bond variables by setting them equal to the identity group element in the Wilson plaquette action. The corresponding
gauge group integral gives one. This procedure can be carried out without changing the value of the finite lattice
model partition function ZΛ,a. We use an enhanced temporal (axial) gauge where the temporal bond variables are
set to one; some additional bond variables on the lattice boundary are also set to one. The set of gauged away bonds
(variables) are associated with a maximal tree with bonds of Λ. A closed loop is formed if any other bond is added
and gives a different partition function. The number of retained bond variables is denoted by Λr, and is of order
(d− 1)Ld, for large L.
By extracting a factor (ad−4/g2)−d(N)Λr/2 from ZΛ,a, so that ZΛ,a = (ad−4/g2)−d(N)Λr/2 ZnΛ,a, we show that the
normalized partition function ZnΛ,a obeys the thermodynamic and ultraviolet stable, stability bounds
exp [cℓd(N)Λr] ≤ ZnΛ,a ≤ exp [cud(N)Λr] ,
with finite cℓ, cu ∈ R independent of L, a and the gauge coupling g2 ∈ (0, g20], 0 < g0 < ∞. In other words, we
extracted the exact singular behavior of the finite lattice free-energy fΛ,a = lnZΛ,a/[d(N)Λr] and the normalized
free-energy fnΛ,a = lnZ
n
Λ,a/[d(N)Λr] has both a thermodynamic limit (Λ ր ∞), at least in the subsequential sense,
and subsequently a continuum limit (aց 0).
Both the upper and the lower bounds on ZnΛ,a factorize and reduce to the d(N)Λr power of a single plaquette, single
bond partition function z (for the lower bound, with a small gluon field restriction). The integrand of z is a class
function on G, and we apply the Weyl integration formula to perform the gauge field integrals. The bounds reduce
to bounds on the angular eigenvalue distribution of unitary matrices and arise from quadratic bounds on the action,
with a restriction on the size of the fields for the lower bound. This appears to indicate that the apparently high
nonlinearities of gauge models are actually not that bad. Our bounds give the exact result for d = 2.
Extending the stability bounds to partition functions with a uniform source coupled with a sequence of well-known
techniques (e.g., multiple reflection [3]), may lead to the thermodynamic and continuum limits of correlations. More
analysis is needed for correlation decays.
Our treatment extends to other connected and compact groups G, and when matter fields are present. Indeed,
neglecting the pure-gauge action and using a priori locally scaled matter fields (not canonical scaling!) the coupling
of matter and gauge fields was treated in [23–25]. Stability bounds were proven for a Bose-gauge model; only upper
bounds in the Fermi case. The bounds do not depend on a and a normalized free-energy exists in the thermodynamic
and continuum limits. We expect to combine our pure-gauge and matter-gauge results to show the existence of QCD.
Scalar QCD models, with scalar fields replacing the quarks, are analyzed in [19].
Stability bounds give the existence of the model but do not give information on the energy-momentum spectrum,
local clustering properties and particles [3]. For lattice QCD, with fixed a and in the strong coupling regime (with
g−2 > 0 much smaller than a small hopping parameter), we have results validating the Gell’Mann-Ne’eman eightfold
way, the exponential decay of the Yukawa interaction and the existence of some two-hadron bound states (see e.g.
[26, 27] and references therein). It would be nice and desirable to rigorously derive general properties of nuclear
physics from first principles, i.e. from fundamental quarks and gluons, and QCD dynamics.
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